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1 Show that for all primes p,
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First Solution. For 1 < k < p— 1, we have k> 2 0 mod p and (p — k)®> = —(k®) mod p, and

therefore B (p—k)° _|(@—k)°
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Second Solution. Motivated by this first proof, we show a natural generalization:

Proposition 1. Let p be an odd prime and let q be an integer that is not divisible by p. If
f:Z7 — R is a function such that:

i) % is mot an integer, for any k=1, 2, ..., p—1;
ii) f(k)+ f(p— k) is an integer divisible by p, for any k=1, 2, ..., p—1,
then ) )
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PROOF. From i) it follows that

qf (k) N qf(p—k)
p p

€ Z.

From %) we obtain that %Ek) ¢ 7 and %;k) g7, forany k=1, 2, ..., p—1, and hence

0 < {qf]gk)}+{qf(pp—k)} <2

On other hand,
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and thus, because %Sk) + @ € Z, we deduce that

{qf;k)} N {qf(pp— k)} ez
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It now follows that

{Qf(k)}+{qjc(pk)}_1’ forany k=1, 2, ..., p— 1.
p p

Summing up and dividing by 2 yields
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This proves Proposition 1.
Obviously, the function f(x) = 2 satisfies both conditions from Proposition 1. Hence,
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We now proceed with another two applications of Proposition 1. We begin with Gauss’ cele-

brated formula.

Proposition 2. (Gauss) Let p and q be two relatively prime integers. The following identity

holds:
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PRrROOF. The function f(z) = x satisfies both conditions in Proposition 1. Hence,
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Proposition 3. Let p be an odd prime. Show that
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PROOF. The function f(x) = 71) satisfies both conditions in Proposition 1. Thus, by setting
g = 1 (note that we are allowed to do that), we get

pzl{ka 1w p-t
) Py e
=1 LP P =P 2
1k 1 22 1 (p—1p p-1
= 7'27_7' k+ — —
7> kT
pimpr v P 2 2
1=k 1 (p—1)?
p = P p 2
Thus,
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= p;r mod p
1
= % mod p.
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